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1 Lecture 1: Unconstrained Optimization

Outline

o Definition

« Existence of optimal solution

o Necessary and sufficient conditions for local minima
o How to use these conditions

o Convexity

o All local minima are global minima for convex problems

1.1 Unconstrained Optimization Problem
We consider the problem

min f(z),

where f : R"™ — R is differentiable.

Local minimum. A point z* is called a local minimum if there exists ¢ > 0 such that

flx) = f(z%) Vz, |z —2¥| <e.

Global minimum. A point x* is a global minimum if

f(z) > f(z*) VzeR"

1.2 Existence of an Optimal Solution

By the Bolzano—Weierstrass theorem, every continuous function f attains its infi-

mum on a compact set X. That is, there exists z* € X such that

f(a*) = inf f(x).

zeX

Alternatively, if the level set

{z| f(2) < f(2")}

is compact for some 2%, then f achieves a global minimum on this set.



1.3 Checkable Conditions for Local Minima
The following are the necessary conditions:

(first-order condition)

V(")
VEf(a)

0
0

Y

(second-order condition).

Such points z* are called stationary points.

Sufficient condition:

Vi(x*) =0, V*f(z*) =0 = z*is a strict local minimum.

1.4 Mean Value Theorem (MVT)

For a differentiable scalar function f,

for some ¢ € (a,b).

Alternatively,
fla) = £6) = /)~ 1) + 50— (&),
where &, lies between a and b.
The MVT suggests that there exists a € (0, 1) such that

F@) = F@&) + Fa")w —a*) + 5 (@ — "2 +ale - o))

2
Applying the sufficient condition for local minimum: for any x sufficiently close to x*,
1
fl@) = @) = Sw = 24" + afe —27)) 2 0.

This holds because f”(z*) > 0, so there exists a neighborhood around z* in which f”(z) > 0.

1.5 Use of Optimality Conditions

The optimality conditions provide a systematic way to determine whether a stationary
point of a differentiable function corresponds to a local minimum, local maximum, or saddle
point.

Consider the unconstrained optimization problem:

min f(z),

where f : R" — R is twice continuously differentiable.
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First-Order Necessary Condition. If z* is a local minimum of f, then the gradient
must vanish:

Vi(®)=0.
Such a point z* is called a stationary point (or critical point). At this point, the directional

derivative of f in any direction is zero, indicating that no first-order descent direction exists.

Second-Order Necessary Condition. If z* is a local minimum of f and f is twice

differentiable, then the Hessian must be positive semidefinite:
V2f(x*) = 0.

This condition is necessary but not sufficient; a positive semidefinite Hessian only ensures

that no direction yields negative curvature locally, but does not rule out flat or saddle regions.

Second-Order Sufficient Condition. If Vf(z*) = 0 and the Hessian is positive definite,
V2f(x*) = 0,

then z* is a strict local minimum. Analogously:

o If V2f(z*) <0, then z* is a strict local maximum.

o If V2f(x*) has both positive and negative eigenvalues, then z* is a saddle point.

Summary.

Necessary for local minimum: Vf(z*) =0, V*f(z*) = 0,

Sufficient for strict local minimum: Vf(x*) =0, Vf(2*) = 0.

These optimality conditions form the foundation for analyzing stationary points in both

unconstrained and constrained optimization problems.

1.6 Convexity

Convex functions. A function f : R™ — R is convex if, for all z,y € R™ and all A € [0, 1],
fOz+(1=Ny) <Af(2) + (1 =N [f(y)
Convex sets. A set S C R" is convex if, for any z,y € S and A € [0, 1],
A+ (1=ANyes.
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Properties of convex functions.

If f(x) is convex, then — f(x) is concave.

If fi(z), f2(x) are convex, then fi(x) + fo(z) is convex.

If fi(x), fo(x) are convex and a,b > 0, then g(z) = afi(x) + bfa(z) is convex.

For a smooth scalar function f, it is convex if and only if its second-order derivative
is nonnegative:

f"(z) 2 0.

For multivariate problems, convexity is equivalent to a positive semidefinite Hessian:

V2f(z) =0, Vaz.



2 Lecture 2: Gradient Methods

Overview

» Basic steps of gradient methods

« How to choose stepsizes

e Descent Lemma

o Estimate the descent of steepest descent with constant stepsize

« Analysis of steepest gradient descent algorithm with 1/L stepsize
» General analysis of convergence

» Strong convexity

e Definition of condition number

« Convergence rate analysis steps

« Gradient-type algorithm also depends on condition # (condition number)

2.1 Gradient Descent Method

If Vf(z*) = 0, then z* is a candidate solution. If V f(x) # 0, there exists an interval
(0,0) such that
flz—aVf(z)) < f(z), Vae(0,59).

More generally, for a given direction d” that is with obtuse angle w.r.t. V f(x) (i.e. (Vf(z),d) <

0), there exists an interval (0,0) of stepsizes with

flz+ad) < f(x), Yae(0,9).

Iterative form.

=" + a,d, r=20,1,2,...

where, if V f(2") # 0, the direction d" satisfies Vf(2")"d" < 0 and «, > 0 is a stepsize.

General case (gradient—type methods).
o =a"—a,D'Vf(z"), r=01,...,

with D" > 0 a positive definite matrix (called scaling matriz).



Special cases.

Steepest descent: 2"t = 2" — @,V f(a").

Newton’s method: 2"+ = 2" — o, [V f(2")] _1Vf(x7"). (=R SR B3 RN & LA A AE € b &3

2.2 Choice of Stepsize (step)

« Constant stepsize: o, = a.
o Minimization rule: «, = arg migl f(x"+ad")  (mazimum reduction, but expensive).
a>

« Limited minimization rule: «, = arg m[in] f(z" + ad").
a€g|0,s

« Diminishing stepsize: o, — 0, > 2 a, = .
(LR ABTF REAFRA F A ap =10 ap = S0 Hoar = 5 RIERANS)
e Armijo rule (backtracking). Let 0 < 0 < % and 0 < 8 < 1 be constants. Starting
from a trial a, keep shrinking by o < Ba (BP 8, 8%, 3%, ...) until

f@" +ad) < f(z")+oaVfz")d.

(ABPRIE 2 9% FI% sufficient descent, 12T fgF 2iMX % &)

2.3 Analysis of GD Method & Descent Lemma

Assume f has L-Lipschitz gradient:
IVf(x)-V ()| < Lllz—yll, Vo,y. (ME Lipschitz; Zek&wEH LR /% bounded #)
Then for all x,y,
L 2
fl@) < f(y) + (Viy)e =y + Sl —yl” = ula;y). (Descent Lemma)
(u(z;y) VA y AP by =k LR upper model)
Minimizing the upper model. Minimizing u(z;y) w.r.t.  gives
errl =" — lvf(xr)
7 .

In particular, ) .
f(o = 7VF@)) < @) = IV,

which shows sufficient descent. (R 2V FH o2 |Vf(2)|?)



Proof sketch on paper reproduced in steps. Using Lipschitz gradient and integrating

the directional derivative along the segment y — z:
1
F@) = F)+ [ (91t =) o - e
0

<)+ (Vi) —y) + /0 IVi(y+ 1tz —y) = VI)llle—ylldt
< )+ (VSto =)+ [ Lile =yl it = ) + (95w =)+ 5o ol

2.4 General Analysis for Convergence

Prove convergence to points that satisfy first-order optimality (stationary). A gradient-
related condition: for any sequence {z"} that converges to a nonstationary point, the corre-

sponding directions {d"} are bounded and satisfy

lim (V f(z"),d") < 0.

T—00
This holds for " = —D"V f(z") with D" >= 0. If " = =V f(2") and «, € (0,2/L), then the

1
sufficient-descent inequality above holds; F yb8& 17T vAit a, = T

Summary: GD converges to first-order optimality as the iteration number goes to infinity.

2.5 Strong Convex Function (SC)
A function f is strongly convex iff there exists 0 > 0 such that
0
F(y) 2 f(2) + (Vf(@)y — ) + Slly = =[*

CBA B4 R8540 “B " — A a7 K3K)

If f is twice continuously differentiable, then there exists 6 > 0 such that

61 < V2f(x) = LI, Vx. (M Hessian fAEA: 61 AFR, LI HLER)
For symmetric matrices, A = B means A — B = 0 (semidefinite). E.g. f(z) = 2" Az with

strictly positive definite A implies A = 01 (X2 § & A By FIEE).

2.6 GD for Strongly Convex Functions

Step 1 (sufficient descent). With a =1/L,
Fa) = f(a" ~ EVFG) < F@) — IV
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Step 2 (bound the error by gradient). Let e(z) := f(z) — f(z*). Strong convexity
yields
IVf(@)I* =20 (f(x) = f(2")) =20 e(x).

Combining with Step 1 gives
r+1 6 r r 6
e(z"™) < 1-7 e(z") =: Be(a"), 521—36(071),

i.e. linear convergence. (F) _L4FF £ V3B —ts) V)

2.7 Condition Number

L
k= — (condition number).

J

Here ¢ is the smallest eigenvalue of the Hessian of f (and L is the largest eigenvalue, e.g. for

quadratic problems).

« Large k = large § (ill-conditioned / slow convergence).

o Small kK = small 5 (well-conditioned / fast convergence).

2.8 Convergence Rate Analysis

Let e" :=e(z") = f(z") — f(z*).
o Linear convergence means: 33 € (0, 1) such that lim sup

r—00
it holds for all r,

r+1

< . Equivalently, if

er

et <Be” = Ine™ <InB+Ine.
r+1
< f3 for some constant p > 1. (3%

e Superlinear convergence means: limsup
r—00 (er)p

E0y T KTF4&M, BIRE L Ei#H2)

2.9 Convergence Rate for SC
If e(2") = Dy, then e(z") < 87Dy < &, so

ID(DQ/{:‘)

In(1/8)
(At T et Kok r Rk sk REBELE A8 e 2%, LARIERAF c-optimal %,
ze = A{x: f(x) = f(z*) <e})

vA_E4TE strong conver; 3F—A% convexr, NLEH sublinear, F¥Lw&FR r 2 %

11



2.10 Scaling Variable

Suppose we have data sets {(a;, b))}, with a; € R*. Arrange them into (4,b) with
A € RMxF,

(1) For each feature (column): standardize
Ay — Ay

gA

A, =

k

(2) For b: center
V =b—b (centering).

3 Lecture 3: First-Order Methods

Overview

» Conjugate direction

Conjugate gradient method

(Q-conjugate vectors, linearly independent vectors, and orthogonal vectors

How scaled steepest descent works in theory
Incremental Gradient Method
Coordinate Gradient Method

3.1 Conjugate Direction

Directions d°,d*, ...,d" are Q-conjugate if
(d)'Qd” =0, forij.

These conjugate directions are linearly independent. (JUfT £, ©A1& Q MAANIRT
ER ERACEFEPRE CERTFR 9 THRS )
X IR B AL
f(ilf) = 1xTQx - bTZ’a

— 2

Hrp Q @X#RIEEM I (SPD matrix).

12



3.2 Conjugate Gradient Method (CG)
FHFRAR R AR A A :
xr+1 = g7 + OérdT,

Hrr dr Sy Q-FE4EJr 1], . i line minimization (Zki%%) 153,

BA: The CG method is a conjugate direction method where the search direction is

generated using gradients.

MIRIE b, CG W] DA X6 BE #EAT Gram-Schmidt 1EAZABAYEE R -

r—1
@'=—g"+) Bd', Hihg =Vf@).
j=0

Algorithm Summary

Let ¢" = Vf(z") = Qx" — b. Then:

d° = —g°
0 - (gT)TdT'
T d)TQd
2 = " 4o
g = Q! — b =g + 0, Qd",

B (ngrl)Ter
SRR

dr+1 — _gr+1 4 Brdr-

2 ="+ a,d.

(FFR Ik RAE R —AFag 4T G5 n W )6 T A A b — ok R P) B oy AL AR )

3.3 Scaled Steepest Descent

o =2" — a, D"V f(a"),

13



Hrp D" - 0 @EA ISR (8 IR AR ) o
#HC D" =D (ARG, FraBsRQrmE), Wy

2 =2" — a,DVf(z").

BREHRRE: 4 o= Sy, Hr S = (D)2, IRATE y FE, Ak RS

min h(y) = f(Sy).

Y

Xty I3 Y B T B
y =y —a,.Vh(y").

P[] e S
Syt = Sy" — a,.SVh(y")

S
2 =2 — 0, DV f(z"),

HNJE 3k 1) scaled steepest descent,
(JUATEZ S il &b R EH 23 R E RAR S @0 AP, A BB SBaR )

3.4 Incremental Gradient Method
2 A

m

min f(2) = 314z = b = 330l =) = -3 gi(a),

i=1 i=1

Horp gi(@) FORFEA @ BRI

SR AR r KONZEAU:

WA by = 2.
WETEFR: ¥ = i1 — Vg (Yis1), i=1,2,...,m.
WHANZE: 2™ = .

(R RAE R —3R R B, STFZRE A mini-batch 3, online gradient 7 %)

14



3.5 Coordinate Descent Method (&&ks FP5:)

TR TREAALE, MA—RRENL—AEE (—8LE), AFTERFTE,
R % & AT dh Y 7 e LR oA

Version I: Exact minimization JE25 ¢ + 1 JGECH, B85 « MBbxR:
i=rem(t,n) +1 (5 inder, TEH7)

VIEE

0

t+1 t t+1
7 )7 ZT;

=argmin f(2!, ..., 2 ..., T J :90;‘,]'752'-

yrn
Ty

X

Version II: Gradient step M¥E#ff/ME (Version 1) Sk M E T (gradient up-
date):

i =rem(t,n) + 1, xﬁ“ = xf —a; 0, f(2), IE;H = xzw J# 1.

Stepsize ##F K o, 5% i A THAIBIE (curvature) 4%
N I R N

i

Pick coordinate 1) Jji
1. Cyclic: 1,2,...,n,1,2,...,n
2. Randomized: s A>AAFR AL, HRZEAH A
3. Permuted: &F—5FNLFTHELIF Sk I%ESE (sample without replacement )

I/ e S Bl .
min §||AX —b|?
How to do coordinate descent?

2

1
min —
x 2

i=1

15



where A; represents the ith column of A, and z; is the ¢th element of x.
Minimize with the ith coordinate:

" 2

Ajx; + Z ijg-r) —-b

1
min —
z; 2 —
J#i

Solution is very simple (no matrix inversion needed!):

(r4+1)
B AT A,

4 Lecture 4: First-Order Methods —Examples

Overview

e k-means formulation
o Apply coordinate descent to k-means

e Implement the Perceptron algorithm

4.1 k-Means Clustering

Formulation.

M P
L(r,p) = Z Zrmzvnam — |

m=1 p=1

Decision variables are r,,,, € {0, 1} and cluster means .

k-Means clustering idea. Optimization is performed by using block coordinate de-

scent:

e First block coordinates: {rmp}

« Second block coordinates: {u,}

Initialize with arbitrary {u,}. Iteratively update until convergence.

16



Clustering steps.

« Update for r,,,: Assign a,, to the nearest cluster mean f,:

, if p=argmin; ||a,,
Tmp =
0, else.

(BAHAE BT B R R E T O)
« Update for p,: Optimize L(r, u) w.r.t. u, 153):

o Zm TmpQm ZmGCP m

_:u]||27

M = =
g Zm ’I"mp |CP|
where |C,| denotes the number of elements in cluster p.

(BPBA R P & Tz s8R Sy T 344)

4.2 Perceptron Algorithm

Y

A simple learning algorithm (cont.) A simple learning algorithm “Perceptron”
e At iteration t = 1,2,-- -, continue pick misclassified point from o Suppose we start at an arbitrary solution x
(a1, b1), (az, ba), - - o Pick a misclassified point: sgn((x)Ta,) # by, or bu(x)Ta, <0

e Update the weight vector by

and keep running the algorithm

o If the training data is linearly separable, then a correct separation
plane will be found after finite number of iterations

X ¢« x + bya,

The Linear Classification Training: Revisited

Figure 0.1: The update rules (Y. Abu-Mostafa).

The Convergence

e Let's consider the objective function (why | am minimizing?)

m m

L(x) = 3 max{-bix"a;, 0} := 3 gi(x) o Define u, with |lu| = 1, be an optimal solution, i.e.,
i=1 i=1

e For each miss-classified data point i, —b;xTa; > 0; the gradient

Vgi(x) = —bsa; inequality

o For each correct data point i, —b;x"a; < 0; gradient is zero!
e Directly applying the incremental method?

biula; >~ >0, Vi

where 7 is the largest constant that satisfies the above

e Let R := max; ||a;|

e Claim: If the data points are separable, and we start with

2
X"t = x"+a"b;a; xo = 0, then training stops after at most (5) iterations

e Exact Convergence in Finite Steps!

e Good News: " =1!

17



5 Lecture 5: Case Study: Logistic Regression

Overview

o What causes different practical behavior for algorithms

o The basic idea behind logistic regression

o Strong convexity and strict convexity

o Why different datasets yield different behavior for GD algorithm

5.1 When Does Gradient Descent Converge?
HARK (step size) 2

2
a < T with L being Lipschitz constant.
i line search ¥, AREESK o, mAHHTREM FHE.

5.2 Logistic Regression

T — i (numerical quantity) (] = Tw. BZEH] (-1,1) B, FEH:
§ = sgn(z'w).

AR T HARSR (probability) :

Hr 0(2) &2 logistic pREL:

o) = 1 0 €(0,1)
) FAR AR
h(z) =Py =1]ux),
HOOF I 5 9 4311 h -
P19 v
B2 B A



2] B ik Ak :
1 n
- In P % i)
3 Pl )

Bl /M loss function:

1 n
L) = 23w (14 ),
i=1

5.3 Gradient of the Loss
FhIE R -

VL(w) =~ > Tt n > (1= 0y w))yixs.
=1

i=1

Jb 0() =

14+e—t°

5.4 Strict Convexity il Strong Convexity

(1) @Mtk (Convexity): XM =,y K te(0,1], #
fltz+ (1 =t)y) <if(x)+ (1 =1)[f(y),

WFR f i eR%. # V2 f() =0, W f s

(2) "™k (Strict Convexity): XJFTH x £y Mt e (0,1), ¥
fltz+ (1 =t)y) <tf(x) + (1 —1)f(y),
WIFR f R A& R ER

XTF logistic regression:

E—— )
(1 + ea:;rw)Q

f//(w) —
PRI A A T R AR
(3) 5™ (Strong Convexity): F74EfE 0 > 0, HEXMEE «,y:
)
F) = f(2) + V@) (v = 2) + Slly — =,

WIFR [ Ausy R &L (strongly convex),
PATEUL, BRI PESN, MR TR R

V2f(x) = o1
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5.5 Stop Criteria

[RGB Ak
Vi@, f@") = ).

5 A E AT diminishing step size FIIE I,

R ARE (FE— e Bl

IVl <e  If@) = flw I <e, [lw™ —w"| <e.

e = 107? (low precision), &= 107" (high precision).

5.6 Different Data Settings
B RIXA 2R (binary classification problem),
(1) Separable Case s rl A58 450 T FEXMIEOL T, GD KGRt
PRI -
o5)
T

HERAZH w 2R (BT R), filn:

yix;w — +00.

(2) Non-separable Case ['FLREARZNEAE—E, IH:

L(w) = HRE, wAHH.

of2)

LIRS SR 5y -

HABE— A PR -

20



6 Lecture 6a: Optimization Over Constraints (£
fE1L)

6.1 AjJC&PRMER

o YW (unc.): x A2,
o« HAW (constrained): z € C, H C BnJfrh.

6.2 The Problem We Are Analyzing

min f(x)

zeX

Suppose X is a convex set and f is continuously differentiable.

(a) % o* 2R fitf# (local minimum), M
(Vf(@"),z—2") 20, VzeX.

X2 A& (necessary condition ); 25 f 2™ R, WHA SR 2 780 451 (sufficient
condition ) .

(b) & f 2™, MRS TaUbE: & F JB™, WA M BE AL (stationary
point )

Convex set:

gi(z) <0 2 MpREL,  h(z) = Cx+d =0 25 %L (affine function) .

6.3 AL EER Al i M AR

JUT b QSR arAris X A2, R4 o BidbeAeshing, nlfE S g s alf i
Xt X, 37 o g, WV f(a) SRR A T A2

21



6.4 Simple Scalar Quadratic Problem

(1) Case 1:

1,
min ;o +a(a — x).

HAPRATE N g(x) = —2 <0,

FkgEA H R ECH -
L(z,\) = %9132 +ala—xz)+ MN—z) = %xQ —ax +a® — \r.
KKT £&14::
x>0, A=>0, (RS X A4 T1E)
Az =0, (HAMATH)
Vel=x—a—-X=0. (G544
H A5 -
a>0=zx"=a, \*=0,
a<0=z2"=0, \*=—a.
SliaodUN I EIREPSE
2" = max{a, 0}.
(2) Case 2:
1,
mwmia: , st.a<zxz<b
Lagrangian: .
Lz, A\, A2) = §x2 + A(a—z) + Ao(x —b).
KKT £&14::
J]ZCL7 b2$7 )\120; )\2207
M(a—x) =0, Xa(x—0) =0,
r — )\1 + )\2 =0.
H A

a<0<b=a2"=0, \i=X=0,
a>0=z2"=a, \\ =a,

b<0=a"=b, \y= —b.
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6.5 Projection $t5 75k

AR A 2 VRAEWTATI X 2 4h, s $S5E (projection) K HA [ -
KFz* € X 2" — z|” B,

.. B 1 9
2" = projx(2) = argmin o[l — 2%

JUART A5 -
(z —projy(z),x — projy(2)) <0, VzeX.

PR Y: (projected gradient method) :
2= projy(z" — a,. Vf(z")),

Hrf o, >0 APK.

6.6 Compute Simple Projections

(1) Box constraint: #7a <x <b, N

projj, 4 (2) = min(max(z, a), b).

(2) Euclidean ball: # ||z|| <1, 0
Proj| ) <1(2) =

(3) Sphere: ¥ ||z|| =1, N
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6.7 Example 2.1.2: Optimization Over a Simplex
AT
X=A{z]|z>0, in:r}.
Jry iR g It R LB SR A

Vi) (x—2%) >0 V>0 Hle =r.

Wai =0, xj,2, >0, N:

o) _ 0f(a")
ox; — Oxy

K, IrE eSS AN BOE A B, Ho Y Mm-S 80 i B /)N (partial cost derivative fx
/N,

Vi, 5.

6.8 Example 2.1.1: Optimization Subject to Bounds

(1) For X ={z|z;,>0}:

ﬁxi

>0, zy=0.

JUMESC: AT NS, BREENER, E et b, MR B AR SMI (nonnegative ) o
(2) For X ={z|o; <ux; <pBi}:
>0, o

ofa) )
oz, <0, =

=0, Oéi<l';»k<ﬁi.
7 Lecture 6b: Optimization Over Constraints (II)

Topics

e Feasible direction method
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« Gradient Projection (GP) methods and their relationship with gradient descent
o Convergence result statements

o Perform projection on nonnegative set

» Convergence rate result

« Frank—Wolfe step and its geometric interpretation

7.1 Feasible Directions

A feasible direction at a point x € X is a vector d # 0 such that

r+ade X, V sufficiently small a > 0.

Bl M2 i T d, X RN R o, BRI X . AT TR A E X
SR
Dixz)={d=z—z|z€ X,z #z}.

7.2 Feasible Direction Method
BEHALI A -

xr—l—l = 2" 4 OszT,

Hrp:
d" J&— feasible descent direction, W2V f(z")"d" <0,

H o, >0 ffif5 2™ € X,
Vi) (x—a") >0, Vo€ X, | 2" 4 stationary point,

Step Size Rule:
(a) Line minimization:
a, = argrogiglf(x +ad"),
BIFE R 4707 1) BB AR/ ME (PR .«
(b) Armijo Rule:

Q. = ﬁstra
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S m, AR,
fa" + B, d) < f@7) + 0™ s, V(@)

ZAARUE R T a1 7550 PE - (sufficient descent ) o
(c) MK (constant step size) :

a, = 1.

7.3 Gradient Projection Methods (GP)

Idea: Find a feasible direction that is gradient-related.
CiBTVA W

xr—&-l = 2" +Oé7~(ii'r - .CET),

/\qj
T = pl"OjX[IT - Sva(xT)L oy € (07 1]7 Sp > 0.

Special Case I:  Jeiiv GabpET 4k s, RI
Sy = argm>i(1)1f(x’" — sV f(z")),
RIGTHRFEERBE M X . (step-size rule for o)

Special Case II: [ s,, JoefITHERETIE, FRRFEi RGN X:

2" = projy[a” — s,V f(z")]

7.4 Convergence Result

Proposition 2.3.1: [&%€ s,, # o, H] limited minimization rule B Armijo rule EHY,
WIS {27} HORRMLA Y stationary point.
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Proof: z"t!' — 2" }& gradient-related, &

Vi) (2" —2") <0.

" —a" =projy[z" — sV f(z")] —a".
AT
(Vf(z"),z" —2") <0.
T

(Vf(z"),2™™ —2") = a,(Vf(a"), 2" — ") <0.
PR N B D el SRR BEAH B, SR IRIIE R

Proposition 2.3.2: # o, =1 H. s, ¥ 2 7544
IVf(@) = Vi)l < Liz -yl

WA 0 < s, <2/L, AI{RAE {27} WS HARRR AR stationary f.

7.5 Convergence Rate Analysis

18 J(0) = JaTAr 4 T2, Hop A0,
e o, I+ H.
" = projy " — sV f(a")].

i
a7 = " = | projy s — sV £(a")] — projy[e” — sV £zl

FIFHAEY 5K (non-expansiveness) :

|2 — 2| < [[(1 = sA4) (2" — 2")].

H A3 -
27 = ) < |1 = sAl " = 7.
Ak
Amax - >\min
maX{’l - S>\min|7 |1 - 5>\max|} :> p - m
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SRR K ,

S= ",
)\max + )\min

0

AR A SR

Motk Rk T fethd v = J2= 3 5 RAYHETE ML, 58] A RERLYT O(kIn(1/e))
VS AW
HoA, Ao F A Z00ZRHERE A YRR 5/ MFAE(E (eigenvalues)

-

7.6 Frank—Wolfe Method
R SCHEHTER ) :

1,7’—&-1 _ :L,T —f—O{T(i’r . ‘,ET)7
H
" = arg Hél)r(l Vi) (z —a").
Bkt X 254 (compact), W 2" —EfFHE,
BTN NE , RIEYE strongly convex IR A, (HHAL MR EE (no

projection needed).

8 Lecture 7: Lagrangian Multipliers

Main Topics

o Definition of Lagrangian function

e Dual function and dual problem

e Solve quadratic example in the “dual” domain

o Equality constrained problem

o Two interpretations of the theorem

« Lagrangian theorem for linear constrained problems (statement of result)

» Sensitivity: measure the change of objective by using multiplier
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8.1 Problem to Solve

min f(z)

st hi(z) =0, i=1,...,m,
0

The problem is convex if:

f(z) is convex, h;(z) are affine (i.e. h;(z) = Az +1b;), g;(z) are convex.

8.2 Lagrangian Function

The Lagrangian can be formed using multipliers A\; > 0 and v; € R:

m

L(z,\,v) = f(x) + Z A;gi(x) + Z vihi(x).
j=1 i=1
Here: - X;: multipliers for inequality constraints, - v;: multipliers for equality con-
straints.

They can be viewed as prices for violating the constraints.

8.3 Dual Function and Dual Problem

Define the dual function:

zeX

L*(\,v) = xlg)f{ L(z,\,v) = inf | f(x)+ Zl Aigi(x) + Zl vihi(z)
j= i=

The dual problem is:

II;&XL*()\,V) st. A>0.

- L*(\,v) is a concave function (even if f is not convex).
- For A > 0, we have L*(\,v) < f*, since f(z)+ A" g(z)+v h(z) < f(z) for any feasible
x, implying the weak duality property.

29



8.4 Quadratic Example

min ||z]|?> s.t. Az =b.
L(z,v) = ||z||> + v (Az — b).

Dual function:
L*(v) = inf L(z,v)
= inf (||z[|> + v (Az — b)).
Set gradient = 0:

1
V,L=20+ATv=0 = z= —§AT1/.

Substitute back: .
L*(v) = —ZVTAATI/ —v'D,

which is concave.

8.5 Weak and Strong Duality

Weak duality:
a < f*.

Strong duality:
d =1,

holds under Slater’ s condition:

fis convex, Jr e X s.t. hi(xz) =0, gj(x) <O.

8.6 Equality Constrained Problem

Lagrange Multiplier Theorem Consider

min f(z) s.t. Az =b.
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Lagrangian:

L(z,\) = f(z) + A\ (Az — b).

If 2* is a local minimum and a regular point (i.e. {Vh;(z*)} linearly independent), then

there exist unique scalars Aj,..., A such that
V() + ) A Vhi(z*) = 0.
i=1

This characterizes a set of necessary conditions for a local minimum.

Bk I+ At a local optimal solution, the gradient of f can be expressed as a linear com-

bination of the gradients of the constraints:
V(') == A Vh(a®).
JUREESC: YV f (%) LT 2Rl 4707 I i3 w5 1a) F .

gk II:  The cost gradient V f(x*) is orthogonal to the subspace of first-order feasible
variations:

Vi) Azr = Z NiVhi(z*) T Az = 0.
BIEEA AT Az #IAL hi(2” + Ax) =0, P Vf(2") 5RATERMYIZERIER.

8.7 Sensitivity Analysis

Consider the linearly constrained problem:
min f(z) st. a'z =0

If b changes to b + Ab, the minimum changes from z* to x* + Ax.

Because
b+Ab=a"(z*+Ar)=a'2" +a' Az = Ab=a"Ax.

Thus:
V") =—-Na.
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Then:
Acost = f(x* + Azx) — f(x™)

= V/(a*)" Az + O(|| Az|)
= —\Na' Ax
= —\N"Ab+ O(HAxHZ)

Hence:
Acost

Ab
PR A b WU NN B B ARE R Z Mg (U ) o Hp B 2yutim b HK
W, AATEORSE, BRUCHARE (AUSAS) T

A=

9 Lecture 8: Inequality Constraints and Duality

Main Topics

o How to use Lagrangian on inequality—constrained problems
o KKT condition and when it is sufficient

o Use KKT to decide optimal solutions

o General sufficiency condition

e The dual problem and duality theorem

9.1 Inequality—Constrained Problem

min f(x)
s.t. h(x) =0, g(x) <0,
where

h=(hi,...,hn), g=1(91,---,9:)

Consider the set of active inequality constraints:

A(x) ={j | gj(x) = 0}.

If x* is a local minimum, then the active inequality constraints at z* can be treated as

equalities, and the inactive ones at x* do not matter.
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Thus, there exist multipliers A}, u} such that

Z N Vhi(a®) + Z #; V(") =0,
where i = 0 for j & A(z”).
Extra property: uj >0 for all j.

Intuitive reason: Relax the j-th constraint g;(z) < g;, and notice

cost due to g;
4; '

Hy

9.2 KKT Conditions

Let x* be a local minimum and a regular point. Then there exist unique Lagrange

multipliers
N= (AL, A wt = (e, )

such that
Vi L(x*, X, 1u*) =0,

=0, j=1,...m (1)

The condition p}g;(x*) = 0 can be compactly written as
w;g;(x*) =0, Vj=1,...,r, (Complementarity Condition) (2)

and also

gi(z*) <0, hj(x*)=0, Vi,j. (3)

Equations (1)—(3) together are called the KKT conditions.
BB ot R HI AL regularity ZAPERF, UAfFAE—H A", pt i KKT A7,

seorte: A f(x) RMeREL, gi(x) TeREL, hy(x) MOTETEREL, W KKT S0 se5 4%
.
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9.3 How to Use KKT Conditions to Determine Optimal Solutions

Consider the general constrained optimization problem:

min f(z) st. g(x) <0,i=1,....m, hjx)=0,7=1,...,p.

The Karush-Kuhn-Tucker (KKT) conditions provide a set of necessary conditions

for a local optimum z*, assuming regularity (constraint qualification) holds:

( m P
Vf(z*) + Z A Vgi(z*) + Z w;Vhy(xz*) =0, (Stationarity)
i=1 j=1
gi(z*) <0, hj(z*) =0, (Primal Feasibility)
AF >0, (Dual Feasibility)
LAf gi(z™) =0, (Complementary Slackness)

KKT FAF T — AR S ARG BB LA (27, A7, 17), KRB
T ARG AT H AR TAMASR A

Algi(x*) =0, 1=1,...,m.

X —F A EWREG DA EXLARAREA AT RERG L ZRE 2 <7 (HIREAR), =
2 W (NTRER) o PRI, Sl BRI T 2R

BLIFNIE T X TRHNAZERAHR i € {1,...,m}, ROTFEELELAUT W ETHIE
o
o B A (ZRAETGER) © e A = 00 BURSEE ¢ N2 REER . EXFRET,
KARH A KKT 4, H Ik S e 75 2

gi(z*) <0,

B R R 45T 471E  (Primal Feasibility ) .
« B B (ZWER): Ri% gi(2*) = 0. DUHEE @ DRHERAML S b “B452”, Y4
T XA FEMRIR R KKT R4, &AMk 12 5 2
A =0,

HIXHE 474 (Dual Feasibility ) .
Xfm AAREX AR E , #ie A 27 Fhal BRRTEER/ARTE R & - 76 S ok g, 1R
ZH A TR TR SR HERR - L2 RERI B T A KKT 25440 (o, X, 1*)
#Frh KKT g (KKT point), ZW7ER) E AL .
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WSzl bk BT B VETEARYE B A R ARG B
Y RO, BIRTCIRGT 26K 27 PG00, B R N B E (A dh ik
(Active-Set Method) B M (Interior-Point Method)) HzhiERIEKARES .

e (RINE)  7ERB 4 KKT G205, WHE T2 R, kT
[ A -

o BPBEAMRALILE: ] f(x) ZFTA gi(x) BOMNREL, hy(x) ROisesk, Hie
ZRGEAR AT (A0 Slater ZxAF), W KKT {42 B MF. EREWME KKT &m0
w5 BN 4 Jey I AR -

o HIEAARMRARNE : B KKT 00208 sy KKT gin] fEXTA
SRt 8 S BRI e IR EAE T KKT (AR HbReR % f(2) #Y
{6, Fraldt—amad B e s AR AR HZ o R/

d"V2 L(x*, X\, p*)d >0, VdeT(x"),

Hor T (2%) FORTERAR I o
Zi b, MR EAMASA I T 260, B KKT P4 AT TORERLEIL L
TR B AP IR AEREA AL, SRR & B SR SR ER YA, AT 55 (i s 52 B[]
FEIZ 4 .

9.4 General Sufficiency Condition

Consider the problem
min f(z) st.z€ X, gi(x) <0, 1=1,...,m
Let (z*, u*) be feasible and satisfy
wy >0, j=1,....r, Vf@)+> wVg(z*)=0.
J
Then z* is the global minimum of the problem.

Proof sketch:

f@*) = f(a*) + p*Tg(a*) = min{ f(z) + plg(e)} < flz), VoeX.
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9.5 Dual Problem

Define the dual function:

zeX

o) = ] F@)+ 3 plafz=b)} g R = [-00,00).

Basically this corresponds to minimizing the Lagrangian function. Note: introduce
multipliers only for a subset of constraints.
Define the dual problem:

max ¢(u)-

The effective constraint set of the dual is

Q={n|p=0,q(p) > —oc}.

10 Lecture 9: Duality —Examples

Topics

« Dual problem for linear programs (from profit maximization to cost minimization)

e Solve SVM step by step

10.1 Primal-Dual Linear Program (LP)

Primal Problem (maximize profit):

max C’lxl + CQSEQ + Cgl’g

21, T9,73
a1 + a12x9 + a13x3 < by, (raw material 1 limited)
S.b. § a1y + agers + agzxrs < by, (raw material 2 limited)
1, T2, x3 > 0.
Here:
« () profit per unit of product j produced,

e b;: total amount of raw material 7,

 a;;: units of raw material ¢ needed to produce one unit of product j.
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Compact form:

maxc'x  s.t. Az <b, x> 0.

T

Dual form (cost minimization):

minb'y st. Aly>e¢, y>0.
y

WALES y BIRR R R AR S ) Ae < b T Bik&B H e 1~ (Lagrange multipli-
ers), TEZ VR X T HE R A FEHR ¥k (shadow price) SlBRf i (marginal
value).

Economic interpretation: Suppose there is a buyer who wants to purchase all the raw
materials (b; and by units) from the firm.
Let y1, y2 denote the prices the buyer is willing to pay for the two materials.
LSRR ST Y1, yo B P AR NS O I, KRS, HILS
TR AT A ) -
min byy; + bays
Y1,Y2
(
anyr + anys > C,
ai2y1 + axys > Cy,

S.t.
a3y + agyz > Cs,

(Y1, Y2 = 0.

Example: Primal-Dual Linear Programming

% P& TA] B L R D o B ) AR PR AR A o, o, BRI 23 Cr = 3.
Co = 2, A7-EEMy™ AR Z PRSI, LT IRIH AN T 2R :

EORE | A 1T e 2 B | RURERR

JER 1 1 2 8
JEEL 2 1 1 6

37



Primal Problem (Flifd#zkfk)

max 3$1 + 2272,
Z1,22

s.t. x4+ 239 <8,

1+ 29 <6,
T1,29 > 0.
fid:  HARTE
x|+ 21’2 = 8,
= T = 4, Ty = 2.
T+ X9 = 6,
Y E A
f(4, 2) = 3(4) + 2(2) = 16.
FRECBGH A A
(6,0): f=18, (0,4): f=35,
CIESS 530N )

Dual Problem (WA f/ME) MRIEIRHELA:

max ¢'z st. Ar <b, x>0

T

XA
min b’y st. A'y>e¢ y>0.
Yy
A
1 2 8 3
A= 5 b= , C= )
!

min 8y + 6ya,
Y1,Y2

st. Y1 +y2 >3,
2y1 +y2 > 2,

Y1, Y2 2 0.
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Kiw:  HE—DANR yo =3 -y, RAHREEC
8y1 + 6y2 = 8y1 + 6(3 — yl) = 2y1 + 18.

HEvMEZ, By =0, 13

SR E :
f;rimal = 187 f;;ual = 18.

PR 2 S YE (Strong Duality), B

f;rimal - f(;kual'

RUCERRE: yu, v 20 URERE 1 550K 2 8038 Tk (shadow prices) siBEIRHIMi .
Horpys = 3 o msNEm 1 AR 2 pfitan i, mZ al (LR AIERE N 3 4~ BAL,

10.2 Apply KKT to SVM -Separable Case

Primal:

1
mim§]|x||2 st. bi(a; v) > 1, Vi

To simplify, absorb bias xy into = by augmenting a; < [a;, 1] and = < [z, z¢].

Lagrangian: )
Lz, A) = Sllll* = > Aifbi(az) — 1],

where A\; > 0.

Set gradient w.r.t. x to zero:

V,L=0 = z= Z)\ibiai.

Substitute back to obtain dual:
1
L*()\) = Z )\Z — 5 Z )\i)\jbibja?aj,
i 1,J
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Dual problem:
1
m}i\%X Z )\z — 5 Z )\i)\jbibjaiTaj s.t. )\1 Z 0.
i 1,j

After solving A:

If \; > 0, then qa; is a support vector. If \; = 0, then a; is not a support vector.

Hence, the optimal model is a nonnegative combination of data points.

10.3 SVM —-Non-Separable Case

Primal: 1
. 2
min ] +C;§i
Lagrangian:

1
Lz, \,p1,§) = §||$||2 + OZ& - Z)\i[bi(ajx) —1+¢&]— Z#ifi-

Set gradient w.r.t. x:
VoL =0=2=>Y \ba;.

Set gradient w.r.t. &;:
V&L:O:>C'—>\z—,u1:()
Substitute to obtain the dual:

1
L*()\) = Z )\1 — 5 Z )\i)\jbibja;am
i i,J

If 0 < A\ < C, then a; is a support vector. If \; = 0 or \; = C, it is not a support
vector.

Primal feasibility gives
bi(a]x) —1+&=0= & =1—bi(a]z).

This tells us the training error.
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10.4 Solving the SVM Dual Problem —Coordinate Descent (CCD)

For SVM’ s dual, a popular method is the Coordinate Descent approach.
Fix all \; except one );, and update A; at a time. Each time we are effectively processing

one data point.

Gradient w.r.t. \;:
Vo, L*(\) =1 — bia] (Z Ajbjaj> =1 - ba, .
J

Gradient projection update:

1

Lx
P Vi (/\)} ,

Al = proj g {)\i

where H;; = a; a; (Hessian diagonal).
Projection means:

projjg ¢ (z) = max{min{z, C'}, 0}.

Xt SVM Dual 19 WAL E Y (coordinate descent ).

Appendix A: Worked Examples of Gradient Descent and
Projection

A.1 Gradient Descent and Variants

Consider the quadratic least-squares problem:

z€R2

) 11 1
min f(z) = §||Ax—b|]2, A= 12 1|, b= |2
3 1 2

(1) Gradient Descent (GD)
Vi) =A"(Az —b), 2™ =a" —aVf(x").
Let 2° = (0,0)", a = 0.05.
@ =AT(A2° —b) = (=11,-5)", ' =2"—ag” = (0.55,0.25).
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(2) Incremental Gradient Descent (Incre. GD) FEach sample loss:
gi(x) = %(a:x — )2, Vgi(z) = (aj z — b))a,.

Let g = 2° = (0,0)7, a = 0.05:

Y1 = 1o — aVai(to) = (0,0) — 0.05(—1) E] = (0.05,0.05),

Wy = 1 — aVga(1hy) = (0.05,0.05) — 0.05((2,1)7(0.05,0.05) — 2)(2,1) = (0.235,0.1425),
3 = s — aVg3(1hy) = (0.235,0.1425) — 0.05((3,1)7(0.235,0.1425) — 2)(3,1) = (0.407875, 0.200125).

Hence 2! = 13 = (0.407875,0.200125).
(3) Coordinate Descent (Version I: Exact minimization). i3]k A, = [1,2,3]7, Ay =
[1,1,1] 7. Version I 75 ¢ YR, HedkiE ALbr o Mok o — 4z 1o

9 B A:(b N Zﬁéi ijj(latest)>

new : latest
2" = argmin % Aiz + ;ij; ) Il = e
Step 1 (SHr 1) . BLHf 20 =0, &
@ _ Alb 1-142-2+43-2 11
TATA, T T 22 W
Step 2 (WHH 22) . XM Gauss-Seidel F=., HEHT $§1):
1 1 i
11 AT 3 43 _ 5
r::b—/hxgl): 20 —-— 2| =1 2 |, xél): T2r:14 714 _ =
14 5 AJ A, 3 21
2 3 -3
I, — KOG EHER A
11
1 0.785714
L0 |14 o .
= 0.095238
21
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A.2 Projection Examples

(1) Box constraint projection
miniz? st a <z <b.

2

Viz)=z=0=2"=
x* = I}, 4)(0) = min{max{0,a},b} = < 0,

Projection operator:

g4 (x) = arg min ||y — z||.
y€la,b]

(2) Nonnegative constraint projection

min 1|z —y||* s.t. x> 0.

Solution:
Yis, Yi Z 07 .
x; = Vi.
07 Yi < 07
Or compactly written as
z* = [y]".

For example:

43

0<a,
a<0<b,

b <0.



